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The spin-j Einstein-Podolsky-Rosen experiment is studied with a view to understanding how
classical behaviour emerges as j →∞. It is proposed that it is necessary to include detector error,
which if it is be to viewed as an essential aspect of the emergence of classicality, should be both
minimal, i.e., no more than necessary to wash out quantum mechanical behaviour, and agnostic, by
which is meant that one should be able to ascribe it to error in the preparation of the state just as
well as to the detector. Errors in the state preparation are discussed via the spin Wigner function.
An agnostic error protocol is described which appears to be minimal.
INTRODUCTION
The suggestion that imperfections in the measurement process are necessary in order to understand the connection
between quantum and classical mechanics is surely a very old one, and it is hard to pinpoint its exact genesis. It
has been made by many authors with varying degrees of emphasis and nuance, and with varying motivations, and we
could not possibly know of them all. Some references of which we are aware and which appear relevant to this paper
are [1–4]. Our point of view is closest to Kofler and Brukner [3], but goes well beyond it.
That some imperfection is required is suggested even by the elementary example of the quantum mechanical prob-
ability distribution for position in a high-quantum-number energy eigenstate of the simple harmonic oscillator [5]. If
we compare this to the classical distribution, it is evident that no matter how large the quantum number becomes,
the quantal distribution continues to oscillate ever more rapidly (although their vertical scale stays finite). A perfect
position detector would measure these oscillations, so they must be smeared out in some way for the classical distri-
bution to emerge. A general analysis of the smearing process seems prohibitively difficult, and it is not entirely clear
on what principles it should be based.
In this paper we investigate this question based on Bohm’s version of the spin-j Einstein-Podolsky-Rosen experiment.
This is an ideal system to study since Bell inequalities continue to be violated with undiminished range as j →∞ [6].
Thus, the oft-made statement that the j → ∞ limit corresponds to classical mechanics needs to be examined more
closely. The uncertainty principle limits the precision with which pairs of noncommuting variables can be measured
(or even assigned values in an ontological sense) simultaneously. The nonclassicality revealed by the violation of Bell
inequalities suggests a stronger position, namely, that one must limit the absolute precision with which an individual
physical quantity can be measured. In other words, finite precision of measurement should be regarded not just as an
unavoidable fact of life, but as an intrinsic ingredient of the classical limit. This is an interesting shift in perspective,
for one of the long-standing beliefs of the classical mechanical world view has been that physical quantities can be
measured to arbitrary precision.
We propose in particular that any detector error protocol that is to be regarded as irreducible or intrinsic to the
classical limit should satisfy two principles: agnosticism and minimalism. By agnosticism we mean that one should
not be able to say whether the errors arise in the detection process or in the state preparation process. And by
minimalism we mean that they should be no more than is needed to wash out the nonclassical features. Indeed, from
this point of view one should speak rather in terms of coarse-graining or smoothing-out ideal quantum mechanical
distributions than of error, although for brevity it is convenient to keep doing so. We shall display a protocol that
obeys both criteria, and we have also found protocols that disobey one of the two.
In the spin-j Einstein-Podolsky-Rosen-Bohm experiment, two particles of spin j in the singlet state, |φ〉, fly toward
two far apart detectors. The spin of one particle is measured along a direction aˆ1 and of the other along aˆ2, with
outcomes denoted m1 and m2. The probability distribution for these outcomes is paˆ1aˆ2(m1,m2) = |〈φ|m1m2〉aˆ1aˆ2 |2,
where |m1m2〉aˆ1aˆ2 = |j,m1〉aˆ1 ⊗ |j,m2〉aˆ2 is the simultaneous eigenstate of J1 · aˆ1 and J2 · aˆ2 with eigenvalues m1 and
m2. Mermin and Schwarz (MS) [2] discovered the pseudo-factorizable form,
paˆ1aˆ2(m1,m2) =
∫
d2nˆ
4π
paˆ1(m1|nˆ) paˆ2(m2| − nˆ). (1)
The one-axis functions paˆi(mi|nˆ) resemble conditional distributions for outcomes m1 and m2 given a particular value
for the hidden variable nˆ, which is a unit vector that can point in any direction equiprobably. Since paˆ1aˆ2(m1,m2)
2violates Bell inequalities, the one-axis functions cannot be nonnegative, and they are not. MS showed that
paˆi(m|nˆ) =
1
dj
2j∑
ℓ=0
√
2ℓ+ 1f jℓ (m)Pℓ(aˆi · nˆ), (2)
where dj = 2j + 1, and f
j
ℓ (m) is an eigenvector of the real symmetric matrix
Fmm′(θ) = |zˆ〈j,m|eiθJy |j,m′〉zˆ|2, (3)
the eigenvalue being the Legendre polynomial Pℓ(cos θ). The functions f
j
ℓ (x) turn out to be shifted and scaled
discrete Chebyshev polynomials [see [7], or Ref. [8], Sec. 22.17.], that are orthogonal with respect to the weight
function
∑j
m=−j δ(x − m). Thus, there are only 2j + 1 of them with degree 0 ≤ ℓ ≤ 2j. Either as polynomials,
or as eigenvectors of Fmm′ , they obey orthonormality and completeness relations, d
−1
j
∑j
m=−j f
j
ℓ (m)f
j
ℓ′(m) = δℓℓ′ ,
d−1j
∑2j
ℓ=0 f
j
ℓ (m)f
j
ℓ (m
′) = δmm′ , which fix them uniquely with the convention f
j
ℓ (j) > 0. As special cases, we have
f j0 (m) = 1, and f
j
1 (m) = [3/j(j + 1)]
1/2m.
A quantum state can also be characterized by its Wigner function, which is part of the Weyl-Wigner-Moyal formal-
ism [9–11], and which for spin may be implemented as follows [12–17]. Any spin operator may be expanded in terms of
the complete set of spherical harmonic tensor operators, Yℓm(J), whose Q, P, and Weyl symbols, denoted ΦQ,P,Wℓm (nˆ),
are given by coefficients aQ,P,Wjℓ times Yℓm(nˆ), where [17] a
Q
jℓ =
∏ℓ
k=0(j +
1
2 − 12k), aPjℓ =
∏ℓ
k=0(j +
1
2 +
1
2k), and
aWjℓ =
(
aPjℓa
Q
jℓ
)1/2
. (All aj0’s are 1.) Further, Tr
(YℓmY†ℓ′m′) = (dj/4π)(aWjℓ )2δℓℓ′δmm′ . These results enable us to
construct and go between Q, P, and Weyl representations [18].
The Wigner function for any system is nothing but the normalized Weyl symbol of the density matrix. It purports,
but often fails to be, a joint probability density for noncommuting phase space variables, as it is not nonnegative. For
our two spin system, the Wigner function, Wρ(nˆ1, nˆ2), is nominally the probability that the spins point along nˆ1 and
nˆ2. For any operator G, 〈G〉 = Tr (ρG) =
∫∫
Wρ(nˆ1, nˆ2)Φ
W
G (nˆ1, nˆ2) d
2
nˆ1d
2
nˆ2, where Φ
W
G is the Weyl symbol for G.
(Putting G = ΦWG = 1 gives the normalization of Wρ.) Hence, for the singlet state,
paˆ1aˆ2(m1,m2) =
∫ ∫
d2nˆ1 d
2
nˆ2Wρ(nˆ1, nˆ2)s
W (nˆ1|m1, aˆ1)sW (nˆ2|m2, aˆ2), (4)
where sW (nˆ|m, aˆ) is the Weyl symbol of the projector |m〉aˆaˆ〈m|. We shall show below that
Wρ(nˆ1, nˆ2) =
1
4π
2j∑
ℓ=0
ℓ∑
m=−ℓ
Yℓm(nˆ1)Y
∗
ℓm(−nˆ2). (5)
This is appealing in that as j → ∞, the completeness sum of the spherical harmonics yields δ(nˆ1 + nˆ2)/4π, exactly
as one would expect for an isotropic state of two classical spinning gyroscopes with net angular momentum zero. The
approach to this limit is very singular, however. Using the addition theorem for the Yℓm’s and the Christoffel-Darboux
theorem [see Ref. [7], Sec. 3.2, or Ref. [8], Eq. 22.12.1], we find (with x = −nˆ1 · nˆ2)
Wρ =
1
(4π)2
dj
1− x [P2j(x)− P2j+1(x)]. (6)
We plot Wρ in Fig. 1. That Wρ < 0 is of course the standard deficiency of the Wigner function, but as the plots
show, as j gets large, the oscillations in Wρ get deeper and rapider [19]. In this way too we see that the singlet does
not get more classical as j →∞. We show enlarged views of Wρ near x = 1 for j = 50 in Fig. 2.
To show Eq. (5), and for other technical parts of our analysis, we shall rely repeatedly on two facts. First is the
spectral representation of Fmm′ ,
Fmm′(θ) =
1
dj
2j∑
ℓ=0
f jℓ (m)f
j
ℓ (m
′)Pℓ(cos θ). (7)
Second is a connection between the polynomials f jℓ and the Weyl-to-Q map,
f jℓ (j) =
√
2ℓ+ 1aQjℓ/a
W
jℓ , (8)
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FIG. 1: Wigner functions for j = 5, 19/2, and 50, as a function of x = −nˆ1 · nˆ2. The scales on the y axes should be noted. For
j = 19/2 and 50, large portions of the vertical range are not shown.
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FIG. 2: Enlarged view near x = 1 of the Wigner function for j = 50. Once again, the scales on the y axes should be noted.
which can be proved by induction.
To find Wρ for the singlet, we first find the Q-symbol, Φ
Q
ρ . With |nˆ〉 being a spin coherent state [20, 21], we have
ΦQρ (nˆ1, nˆ2) =
∣∣〈φ|(|nˆ1〉 ⊗ |nˆ2〉)∣∣2 = d−1j |〈−nˆ1|nˆ2〉|2 = d−1j Fjj(γ), with cos γ = −nˆ1 · nˆ2. Next, we use the spectral
representation (7), and multiply each term in the sum over ℓ by (aWjℓ /a
Q
jℓ)
2 to convert to the Weyl symbol. Last, we
multiply by (dj/4π)
2 for normalization, and employ the the connection (8). This leads directly to Eq. (5).
We include detector error via a matrix R, such that Rmm′ is the probability that a particle which has spin m
′
is detected in the bin for spin m. Since particles can neither be lost nor appear from nowhere, we must have∑
mRmm′ =
∑
m′ Rmm′ = 1, and to be probabilities, we must have Rmm′ ≥ 0 for all m, m′. Using the same error
matrix at both detectors, the measured distribution p¯aˆ1aˆ2(m1,m2) is given by the same form as Eq. (1) with the
one-axis functions replaced by
p¯aˆi(m|nˆ) =
∑
m′
Rmm′ paˆi(m
′|nˆ). (9)
We will say that the error matrix is sufficient if p¯aˆi(m|nˆ) ≥ 0 for all m, nˆ, and aˆi, and minimally sufficient if the
value 0 is attained for some set of parameters. The smoothed one-axis functions then have meaning as conditional
probability distributions, and p¯aˆ1aˆ2(m1m2) is rendered classical in that it cannot violate any Bell inequalities.
In terms of the Wigner function approach, the error matrices effect transformations on the Weyl symbols sW → s¯W
[s¯W (nˆ|m, aˆ) =∑m′ Rmm′sW (nˆ|m′, aˆ)], which will generally not be equivalent to a transformation of Wρ. When it is,
the error protocol is agnostic. To see when this is possible, we must examine sW .
To find sW , we proceed as we did for Wρ: find the Q symbol of |m〉aˆaˆ〈m|, expand in the Yℓm’s, and multiply each
term by aWjℓ /a
Q
jℓ. Now, s
Q(nˆ|m, aˆ) = |〈nˆ|m, aˆ〉|2 = Fjm(α), where cosα = aˆ · nˆ. Using the spectral representation (7)
and the connection (8), we obtain
sW (nˆ|m, aˆ) = 1
dj
∑
ℓ
√
2ℓ+ 1f ℓmPℓ(nˆ · aˆ). (10)
That is to say, sW (nˆ|m, aˆ) ≡ paˆ(m|nˆ). The MS one-axis functions are the Weyl symbols for projection operators onto
the states |j,m〉aˆ.
The equivalence just noted leads us to consider error matrices that are eigenoperators for the f jℓ (m), i.e.,∑
m′
Rmm′f
j
ℓ (m
′) = cℓf
j
ℓ (m), (11)
4where the cℓ are arbitrary except that c0 = 1. Then, p¯aˆ(m|nˆ) = s¯W (nˆ|m, aˆ) = d−1j
∑
ℓ
√
2ℓ+ 1cℓf
ℓ
mPℓ(nˆ · aˆ). Because
of the orthogonality of the Legendre polynomials, the factors cℓ can be transferred onto the Wigner function. That
is, p¯aˆ1aˆ2 can be put in the form (5), where we leave the single spin Weyl symbols, the s
W ’s, untouched, and replace
Wρ by
Wρ¯(nˆ1, nˆ2) =
1
4π
2j∑
ℓ=0
ℓ∑
m=−ℓ
c2ℓYℓm(nˆ1)Y
∗
ℓm(−nˆ2). (12)
But this says that the error or coarse-graining protocol affects the state preparation, and not the detection, i.e., is
agnostic. Hence, we have shown that error matrices obeying Eq. (11) are agnostic. (They also preserve the isotropy
of the singlet state.)
An agnostic but trivial protocol is obtained by taking cℓ = δℓ0, i.e., Rmm′ = d
−1
j for all m, m
′. Now p¯aˆ1aˆ2(m1m2) =
d−2j , and the two spins are totally uncorrelated. Hence agnosticism by itself is not a compelling principle, and we
must consider sufficiency also.
The special error protocol that we have found that is both agnostic and minimal arises from choosing
cℓ =
aQjℓ
aWjℓ
=
f jℓ (j)√
2ℓ+ 1
=
ℓ∏
k=0
(2j + 1− k
2j + 1 + k
)1/2
. (13)
Then, with cosα = nˆ · aˆ and cos γ = −nˆ1 · nˆ2,
p¯aˆ(m|nˆ) = Fjm(α) =
(
2j
j −m
)[
1
2 (1 + cosα)
]j+m[ 1
2 (1− cosα)
]j−m
, (14)
and
Wρ¯(nˆ1, nˆ2) =
dj
(4π)2
Fjj(γ) =
dj
(4π)2
(1 + cos γ
2
)2j
, (15)
both of which are nonnegative. This protocol is minimal because the p¯aˆi(mi|nˆ) do in fact vanish when nˆ = aˆi for any
mi < j, and when nˆ = −aˆi for any mi > −j. These one-axis functions provide an explicit locally realistic model for
the resulting coarse-grained distribution p¯aˆ1aˆ2(m1m2). It is also minimal from the point of view of state preparation,
because Wρ¯(nˆ1, nˆ2) does vanish when nˆ1 = nˆ2.
Completeness of the f jℓ (m) allows any error matrix that obeys Eq. (11) to be written as
Rmm′ =
1
dj
∑
ℓ
cℓf
j
ℓ (m)f
j
ℓ (m
′). (16)
(The constraint c0 = 1 follows from f
j
0 (m) = 1 and the demands
∑
mRmm′ =
∑
m′ Rmm′ = 1.) In addition, we must
have Rmm′ ≥ 0 for all m, m′. We have not been able to establish rigorously that this is so for our special protocol
(13), but we have verified it by hand for dj ≤ 4, and numerically for dj <∼ 20, beyond which our numerical precision
is not sufficient. A crude argument is as follows. Eq. (13) implies Rmm′ =
1
2dj
∫ 1
−1
dxhjm(x)Fjm′ (cos
−1 x), with
hjm(x) = d
−1
j
∑2j
ℓ=0
√
2ℓ+ 1f jℓ (m)Pℓ(x). As j → ∞, Fjm′ and hjm(x) are highly peaked functions of x with maxima
at xm′ = m
′/j and xm = m/j, and both of them integrate to 2/dj. Fjm′ is a binomial distribution, which is like
a Gaussian of width σx = (1 − x2m′/2j)1/2 (for m′ sufficiently far away from ±j). The sum for hjm(x) resembles a
Christoffel-Darboux sum, which suggests that for large j, hjm(x) is much more narrowly peaked with a width of order
1/j2. Away from its maximum, it oscillates on a scale j1/2 with an approximate frequency 1/2j. This frequency and
the width are both much smaller than the width of the Gaussian, so hjm(x) effectively behaves as d
−1
j δ(x−xm) in the
integral. Hence, for m, m′ not too close to ±j,
Rmm′ ≃ 1
j
√
2πσ2x
e−(xm−xm′)
2/2σ2x . (17)
This says that as j →∞, the interval |m−m′|/j over which coarse graining is necessary becomes of order j−1/2.
It is not easy to come up with a simple figure of merit for the sufficiency of error matrices for j > 1/2, although one
choice is to see by how much the spin correlation is reduced. For protocols obeying Eq. (11), this factor is easily shown
5to be c21, so that for our special protocol (13), 〈(J1 · aˆ)(J2 · bˆ)〉 = j2aˆ · bˆ/3. However, for j = 1/2, where the detector
error reduces to a single number, it is known not to be the least conservative smoothing procedure. It corresponds
to an error rate of 21.1% [2]. In Ref. [22] we found a truly positive factorizable representation for paˆ1aˆ2(m1m2) based
on an error rate of 14.6%. Whether this number can be further reduced for j = 1/2, or whether there are analogous
constructions for higher j that are less conservative than the protocol (13) remain open questions.
We conclude by mentioning two other error protocols for comparison. In Ref. [23], the author considered
Rmm′ =
1
2
dj
∫ xm+
xm−
d(cos θ)Fjm′ (θ), (18)
where xm± = (2m± 1)/dj. Now Rmm′ > 0, but this protocol is not agnostic. For small j we can explicitly show it is
insufficient. The insufficiency decreases for larger j, so it is very likely that this defect could be repaired by admixing
in the trivial protocol Rmm′ = d
−1
j in an amount that decreases steadily as j →∞. This yields a gnostic but sufficient
protocol. An agnostic but oversufficient protocol is obtained if we choose cℓ =
(
aQjℓ/a
W
jℓ
)2
. In this case, we can prove
that Rmm′ > 0.
I am indebted to N. D. Mermin for an old collaboration in which we studied similar questions, and specifically for
suggesting the form (18).
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